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Abstract Time-delay eﬀects on the dynamics of Lie´nard type equation with one fast variable and
one slow variable are investigated in the present paper. By using the methods of stability switch
and geometric singular perturbation, time-delay-induced complex oscillations and bursting are
investigated, and in several case studies, the mechanism of the generation of the complex oscillations
and bursting is illuminated. Numerical results demonstrate the validity of the theoretical results.
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Real system usually has two kinds of dynamical
variables, evolving on very diﬀerent timescales.1–3 This
system is called slow–fast system, and the rapid evolving
and slow evolving variables are called fast and slow vari-
ables respectively. Slow–fast system can exhibit various
dynamical behaviors due to the interaction of the fast
and slow variables. Relaxation oscillation with rapid
movement process alternating with slow movement pro-
cess is the typical dynamics of the system with one fast
and one slow variables,3,4 and a special dynamical be-
havior of this system is the “canard” solution resulted
from the eﬀect of slow passage.1,5 Spiking and burst-
ing are the typical dynamics of the system with two
fast and one slow variables,2,6 and the bursting is usu-
ally caused by a slow voltage process that modulates
fast spiking activity and exhibits groups of two or more
spikes separated by periods of inactivity. One of the
typical dynamics of the system with one fast and two
slow variables is mixed-mode oscillation, which is con-
sisting of a series of small-amplitude oscillations and
large-amplitude oscillations.7,8
Time-delay, resulted from controllers, actuators, ﬁ-
nite propagation speed of signals, etc, is inevitable in
active control system.9–11 Studies indicate the time-
delay frequently renders system is unstable and lead-
s to complex dynamics, such as periodic oscillation,
quasi-periodic motion, co-existing motions and even
chaos.11,12 On the other hand, under certain conditions,
time-delay can be beneﬁcial to systems.13,14 For exam-
ple, delay diﬀerence feedback is often used to stabilize
chaotic solution trajectory13 and unstable periodic so-
lution trajectory,9 and to enhance the stability of equi-
librium point.14 However, to the best of my knowledge,
time-delay eﬀects on the dynamics of slow–fast system
are not fully studied. Motivated by this fact, this pa-
per presents an investigation of the eﬀects of time-delay
on the dynamics of Lie´nard type equation with one fast
and one slow variables. Then the Lie´nard type equation
concerned in this paper is introduced, and time-delay ef-
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fects on the dynamics of the Lie´nard type equation are
studied. Finally, case studies are given to demonstrate
the validity of the theoretical results and conclusions
are drown.
The Lie´nard type equation concerned in the present
paper reads{
x˙ = −y + F (x),
y˙ = ε (x− a), (1)
where 0 < ε  1 is a small parameter, x is a fast
variable, and y is a slow variable. Equation (1) is a
slow–fast system. F (x) is the suﬃciently diﬀerentiable
function with⎧⎪⎨
⎪⎩
F ′(x) > 0, x > 0,
F ′(x) < 0, −1 < x < 0,
F ′(x) > 0, x < −1.
One typical function expression of F (x) is F (x) =
b1 x
2 + b2 x
3 with b1 > 0 and b2 < 0. Then Eq. (1)
reads{
x˙ = −y + b1 x2 + b2 x3,
y˙ = ε (x− a). (2)
Equation (2) can model various physical systems,1,5 and
was studied intensively in Refs. 1, 5 and 15. Studies
indicate Eq. (2) has three kinds of typical dynamics:
with one globally and asymptotically stable equilibri-
um point, undergoing relaxation oscillation, and with
“canard” solution.
With the time-delay diﬀerence feedback of the fast
variable, Eq. (2) reads{
x˙ = −y + b1 x2 + b2 x3 + μ (x(t)− x(t− τ)),
y˙ = ε (x− a),
(3)
where τ is the time-delay, and μ is the gain of the feed-
back. Delay diﬀerence feedback is widely used in phys-
ical systems,9,10,13 and eﬀects of time-delay on the dy-
namics of Eq. (3) are focused on in the present paper.
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Without loss of generality and letting b1 = 1.5, b2 =
−1, μ = 1, Eq. (3) reads{
x˙ = −y + 1.5x2 − x3 + (x(t)− x(t− τ)),
y˙ = ε (x− a). (4)
Letting ε → 0, one has the fast subsystem governing
the fast variable only as
x˙ = −y + 1.5x2 − x3 + (x(t)− x(t− τ)), (5)
where y is regarded as a constant parameter.
Geometric singular perturbation theory16–19 is an
eﬃcient tool for investigating the dynamics of slow–
fast systems. This theory deﬁnes a slow manifold of
the slow–fast systems, and it indicates the slow mani-
fold is an approximation of the invariant manifold, and
the evolution of the solution trajectory is governed by
the structure of the slow manifold, including the shape,
stability, and bifurcation points of the slow manifold.
Thus, according to the geometric singular perturbation
theory, to investigate the time-delay eﬀects on the dy-
namics of the slow–fast system, it is required to ﬁgure
out the time-delay eﬀects on the structure of the slow
manifold.
Geometric singular perturbation theory deﬁnes the
slow-manifold of Eq. (4) as
M = {(x, y)| − y + 1.5x2 − x3 = 0}
= {(x, y)|y = 1.5x2 − x3}.
Actually, the slow-manifold M is composed of the equi-
libria of the fast subsystem Eq. (5). To determine the
stability and bifurcation points of the slow-manifold M ,
the characteristic equation of the fast subsystem Eq. (5)
is considered as
D(λ) = λ− (3x− 3x2 + 1) + e−λ τ . (6)
When x ∈ [0, 1] and τ = 0, D(λ) = 0 has one nonnega-
tive real root λ = 3x− 3x2  0, according to the theo-
rem of stability switch;12 as τ varies, no stability switch
occurs. When x ∈ [0, 1], D(0) = 0 for any τ  0; as
τ varies, stability switch can occur only when a couple
of eigenvalues cross through the imaginary axis. With
λ = ±iω (ω > 0), separating the real and imaginary
parts of D(λ) = 0 leads to{
ω = sin(ω τ),
cos(ω τ) = 3x− 3x2 + 1, (7)
and
ω2 = 1− (3x− 3x2 + 1)2. (8)
Letting 1 − (3x − 3x2 + 1)2 = 0, one has four crit-
ical points x+1 = 1, x
+
2 = 1.457 4, x
−
1 = −0.457 4,
x−2 = 0. When x ∈ (x+1 , x+2 ) ∪ (x−1 , x−2 ) , ω2 =
1 − (3x − 3x2 + 1)2 < 0; as τ varies, stability switch
can not occur.12 When x ∈ (x+1 , x+2 ) ∪ (x−1 , x−2 ), ω =
√
1− (3x− 3x2 + 1)2 > 0, from Eq. (7), one obtains a
series of critical delays as
τk =
1
ω
(
2 k π+arccot
3x− 3x2 + 1
ω
)
, k = 0, 1, 2, · · · ,
and
τ0 < τ1 < τ2 < · · ·
With ﬁxed x, Eq. (6) will add a new pair of roots with
positive real part when τ increases and passes through
each point τk.
12 Thus, for a given x, the stability switch
point is
τ0 =
1
ω
arccot
3x− 3x2 + 1
ω
.
With x ∈ (x+1 , x+2 ) ∪ (x−1 , x−2 ), the curve of τ0 is shown
in Fig. 1. For a given τ , the structure of M can be
obtained from Fig. 1. Take τ = 1.85 as an example,
from Fig. 1, the structure of the slow-manifold M is
obtained as shown in Fig. 2.
Fig. 1. Critical curve of τ0(x) in (x, τ)-plane.
Moreover, one has the following results.
Result 1 When τ ∈ [0, 1], the time-delay has no
impact on the stability and bifurcation points of the
slow-manifold, as shown in Fig. 2(a). When τ > 1, the
length of stable slow-manifold Mj (j = 1, 3) is short-
en, the length of unstable slow-manifold M2 is elongat-
ed, and two Hopf bifurcation points are introduced, as
shown in Fig. 2(b).
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Fig. 2. The structure of the slow-manifold M = M1∪M2∪
M3. Mi (i = 1, 3) is stable; M2 is unstable; Sj (j = 1, 2) and
Hj (j = 1, 2) denote the saddle node and Hopf bifurcation
points respectively.
Equation (4) has one unique equilibrium point, and
the local stability of this equilibrium point can be ob-
tained by using the method of stability switch,12 the
detail of the derivation is omitted to avoid repetition.
The stability analysis indicates the equilibrium point is
stable when it locates in the stable slow-manifold, and
unstable when it locates in the unstable slow-manifold.
Once the structure of M is in hand, the dynami-
cal behavior of Eq. (4) can be determined by using the
method of geometric singular perturbation. To further
investigate the eﬀects of time-delay on the the dynam-
ics of Eq. (4), several speciﬁc case studies are to be
performed in the following section.
Case 1: With a = 0.5.
The structure of the slow-manifold without time-
delay is shown in Fig. 2(a). According to the geometric
singular perturbation theory, solution trajectory will be
attracted by the stable slow manifold Mj (j = 1, 3), and
move slowly along the stable slow manifold. When the
solution trajectory crosses the saddle-note bifurcation
point Sj (j = 1, 2), it will be repelled by the unsta-
ble slow manifold M2. Thus, Eq. (4) undergoes relax-
ation oscillation, as shown in Fig. 3(a), where the Gear
method for stiﬀ problems is used in numerical integra-
tion, calculated on the platform of computer package
XPPAUT. When τ > 1, time-delay has signiﬁcant in-
ﬂuence on the structure of the slow-manifold, as shown
in Fig. 2(b). When the solution trajectory crosses the
Hopf bifurcation point Hj (j = 1, 2), it will undergo
periodic oscillations. Thus, Eq. (4) undergoes complex
oscillation, as shown in Fig. 3(b).
50 150 250 350 450
-05
0
05
10
15
t
x
0 100 200 300 400
-10
-05
0
05
10
15
20
t
x
(a) τ=0  
(b) τ=1.8>1 
Fig. 3. Time series of Eq. (4). (a)Relaxation oscillation.
(b) Complex oscillation.
Case 2: With a = 0.002.
Without time-delay, Eq. (4) undergoes canard
solutions,5,15 as shown in Fig. 4(a). When τ = 1.85 > 1,
the structure of slow-manifold is changed by time-delay,
and Eq. (4) undergoes bursting oscillations, as shown in
Fig. 4(b).
Case 3: With a = −0.12.
Without time-delay, the equilibrium point of Eq. (4)
is located at the stable slow-manifold, thus, all trajecto-
ries will be attracted by this equilibrium point. When
τ > 1, the structure of slow-manifold is changed by
time-delay, and the equilibrium point is located at the
unstable slow-manifold, thus, Eq. (4) undergoes com-
plex oscillations and bursting oscillations (as shown in
Fig. 5).
Summing the analytical results in the three case s-
tudies, one has the following result.
Result 2 Small time-delay has no signiﬁcant im-
pact on the dynamics of the Lie´nard type equation.
However, large time-delay can lead to complex oscil-
lations and bursting oscillations.
Without time-delay, this Lie´nard type equation un-
dergoes relatively simple dynamical behaviors; with
time-delay, this equation can exhibit various complex
oscillations and bursting. It is well known that burst-
ing can only occur in ordinary diﬀerential equations
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Fig. 4. Time series of Eq. (4). (a) Canard solution. (b) Bursting oscillation.
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Fig. 5. Time series of Eq. (4). (a) Complex oscillation. (b) Bursting oscillation.
with more than three dimensions. The studies indi-
cate that, with time-delay, two dimensional system can
undergo bursting oscillations. Results obtained in this
paper have potential applications in optoelectronic sys-
tem, communication engineering, etc.
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